Abstract. We classify totally geodesic and parallel hypersurfaces of four-dimensional nonreductive homogeneous pseudo-Riemannian manifolds.
Introduction
A pseudo-Riemannian manifold (M, g) is said to be homogeneous if there exists a connected Lie group of isometries acting transitively on it. It is well-known that any such manifold can be then realized as a coset space M = G/H, with H denoting the isotropy subgroup at a point chosen as origin.
We say that a homogeneous pseudo-Riemannian manifold (M, g) is reductive if there exists a connected transitive group of isometries G ⊆ Iso(M, g) for which g = h ⊕ m, where g is the Lie algebra of G and h is the Lie algebra of the isotropy subgroup H ⊆ G, such that m is an Ad(H)-invariant subspace of g. When H is connected, the last condition is equivalent to the algebraic condition [h, m] ⊆ m. In such a case, we call m a reductive complement of h and h ⊕ m a reductive decomposition. A homogeneous pseudo-Riemannian manifold (M, g) is said to be non-reductive if there exists a connected Lie group G acting transitively on (M, g), such that the corresponding Lie algebra g does not admit any reductive decomposition, that is, for any complement m of h in g one has [h, m] m (see [FR06] ).
A homogeneous Riemannian manifold is necessarily reductive. Moreover, there do not exist any two-and three-dimensional non-reductive homogeneous pseudo-Riemannian manifolds [FR06] . On the other hand, there exist four-dimensional non-reductive homogeneous pseudo-Riemannian manifolds, both of Lorentzian and of neutral signature. After their classification, given in [FR06] , the geometry of these spaces has been investigated from different points of view, showing several interesting behaviours. In [The09] , invariant Yang-Mills connections over these spaces have been classified. More recently, their curvature properties [CF12] , Walker structures [CZ14b] , global coordinates and homogeneous geodesics [CFZ15] , Ricci solitons [CZ14a] , symmetries [CZ15] and conformal geometry [CLGRGRVL17] were studied.
In this paper we address the problem of classifying parallel and, in particular, totally geodesic hypersurfaces of four-dimensional non-reductive homogeneous spaces. The search for parallel submanifolds of a given pseudo-Riemannian manifold is a natural problem, which enriches our knowledge and understanding of the geometry of the manifold itself. Parallel submanifolds are those for which the second fundamental form, and hence all the extrinsic invariants derived from it, are covariantly constant. This condition is a natural generalization of totally geodesic submanifolds, for which the second fundamental form vanishes identically. The latter condition means that the geodesics of the submanifold are also geodesics of the ambient space.
It is worthwhile to recall that parallel submanifolds of a locally symmetric ambient space are locally symmetric, but, for general ambient spaces, parallel submanifolds need not be locally symmetric. For this reason, it is interesting to investigate parallel hypersurfaces of homogeneous spaces which are not locally symmetric.
Parallel surfaces in three-dimensional homogeneous spaces have been intensively studied, showing several interesting behaviours (see for example [CVdV10b, CVdV09, CVdV10a, CVdV13] ). In higher dimensions, the condition for the existence of parallel hypersurfaces in non-symmetric ambient spaces becomes more problematic. For instance, among the four-dimensional generalized symmetric spaces, the only ones admitting such hypersurfaces are those of type C, which are in fact symmetric [DLVdV12] .
The results we obtained about the existence of parallel and totally geodesic hypersurfaces in non-reductive, not locally symmetric homogeneous pseudo-Riemannian four-manifolds are summarized in the following Table I . In the first column we listed the six different types of nonreductive (not locally symmetric) homogeneous four-manifolds. The marks in the other columns show whether such a space admits totally geodesic hypersurfaces (the second fundamental form vanishes identically), proper parallel hypersurfaces (the covariant derivative of the second fundamental form vanishes, but the second fundamental form itself does not) and hypersurfaces with a Codazzi second fundamental form (the covariant derivative of the second fundamental form is totally symmetric). We may observe that different behaviours occur, and they are not influenced by the signature of the invariant metrics, so they are rather related to the different structures of the Lie algebra g of the group of isometries. Table I : parallel and totally geodesic hypersurfaces of non-reductive homogeneous pseudo-Riemannian 4-manifolds
The paper is organized in the following way. In Section 2, we recall the classification of nonreductive homogeneous pseudo-Riemannian four-manifolds as well as the basics on parallel hypersurfaces. The needed information about the Levi-Civita connection and the curvature of nonreductive homogeneous pseudo-Riemannian four-manifolds is discussed in Section 3, where vector fields are treated as functions from the overlying Lie group to its Lie algebra. In the remaining sections we classify parallel and totally geodesic hypersurfaces of each of the six types.
Preliminaries
2.1. Non-reductive homogeneous four-manifolds. Four-dimensional non-reductive homogeneous pseudo-Riemannian manifolds M = G/H were classified in [FR06] in terms of the corresponding Lie algebras (g, h), with h ⊆ g. For a fixed Lie algebra pair from the classification in [FR06] one can compute all invariant pseudo-Riemannian metrics. We report below their description, obtained following the same argument already used in [CF12] , but with some different choices on the complement of the isotropy subalgebra, which make some computations easier.
Type A1. Let g = a 1 be the decomposable 5-dimensional Lie algebra sl(2, R) ⊕ s(2), where s(2) is the 2-dimensional solvable algebra. There exists a basis {e 1 , . and the isotropy algebra is h = span{h 1 = e 3 + e 4 }. So we can take (2.1) m = span{u 1 = e 1 , u 2 = e 2 , u 3 = e 5 , u 4 = 2e 3 }.
as a complement of h in g. With respect to the basis {θ 1 , . . . , θ 4 }, dual to {u 1 , . . . , u 4 }, we have the following description of non-degenerate invariant metrics:
where a, b, c and d are real constants and • denotes the symmetric product of 1-forms, i.e.,
Depending on the sign of a(a − 4d) = 0, the metric is either Lorentzian or it has neutral signature.
Type A2. Let g = a 2 be the one-parameter family of 5-dimensional Lie algebras A 5,30 from [PSWZ76] . There exists a basis {e 1 , . . . , e 5 } of g, such that the non-zero brackets are for a parameter κ ∈ R and the isotropy algebra is h = span{h 1 = e 4 }. Hence, we can take (2.3) m = span{u 1 = e 1 , u 2 = e 2 , u 3 = e 3 , u 4 = e 5 } and we find that the non-degenerate invariant metrics are described by
where a, b, c and d are real constants. Depending on the sign of ad, the metric is either Lorentzian or it has neutral signature. with η = 1 for A 5,37 and η = −1 for A 5,36 , and the isotropy algebra is h = span{h 1 = e 3 }. Thus, we can take (2.5) m = span{u 1 = e 1 , u 2 = e 2 + e 3 , u 3 = e 4 , u 4 = e 5 } and the non-degenerate invariant metrics are
where a, b, c and d are real constants. Depending on the sign of ab, the metric is either Lorentzian or it has neutral signature.
Types A4 and B2. Let g = a 4 be the 6-dimensional Schroedinger Lie algebra sl(2, R) ⋉ n(3), where n(3) is the 3-dimensional Heisenberg algebra. There exists a basis {e 1 , . For type A4, the isotropy algebra is h = span{h 1 = e 3 + e 6 , h 2 = e 5 } and for type B2 it is h = span{h 1 = e 3 − e 6 , h 2 = e 5 }. Therefore, in both cases, we can take (2.7) m = span{u 1 = e 1 , u 2 = e 2 , u 3 = −2e 6 , u 4 = e 4 }.
The non-degenerate invariant metrics are given by
where a and b are real constants, η = 1 for type A4 and η = −1 for type B2. Remark that the metric has Lorentzian signature for η = 1, whereas it has neutral signature for η = −1. and the isotropy algebra is h = span{h 1 = e 3 }. Taking (2.9) m = span{u 1 = e 1 , u 2 = e 2 , u 3 = e 4 , u 4 = e 5 }, we find that the non-degenerate invariant metrics are
where a, b, c and d are real constants. The metric has neutral signature.
The classification of non-reductive homogeneous four-manifolds, given in [FR06] , now translates to the following. Theorem 1. Let (M, g) be a non-reductive, not locally symmetric homogeneous pseudo-Riemannian four-manifold. If g is the isometry algebra and h its isotropy subalgebra, then the Lie algebra pair (g, h) is isomorphic to one in the above list: A1, A2, A3, A4, B1 or B2. Conversely, for every Lie algebra pair (g, h) in this list there exists a non-reductive homogeneous pseudo-Riemannian four-manifold with isometry algebra g.
Remark 1. The list of spaces in [FR06] also contains a type A5 and a type B3. However, it is already mentioned in [FR06] that spaces of type A5 have constant sectional curvature (in particular, they are locally symmetric) and spaces of type B3 are locally symmetric. Therefore, we omitted them.
Remark 2. In the list above all invariant metrics are given. However, for certain parameter values a, b, c and d, the invariant metric is locally symmetric. The locally symmetric examples can be easily deduced case by case using the description of the Levi-Civita connection and of the curvature of the invariant metrics reported in Section 3. We will now list all parameter values for which the invariant pseudo-Riemannian metric is locally symmetric.
• A space of type A1 is locally symmetric if and only if b = 0. It never has constant sectional curvature. In what follows we are interested in non-reductive, not locally symmetric spaces and hence we will always assume that none of the above conditions hold.
Remark 3. It may be observed that for all of the pseudo-Riemannian spaces in Theorem 1, except those of type A3 with η = 1, the complement m of h we choose is a subalgebra of g. This implies that each of them is locally isometric to some Lie group M 0 with left invariant metric, which is a discrete quotient of the simply connected Lie group corresponding to m. We explicitly note that this local property, just like the local symmetry of an invariant metric, does not contradict in any way the homogeneous space being non-reductive.
We report in the following Table II the non-vanishing Lie brackets of m in the different cases, as deduced from the above description, and the simply connected models for the corresponding Lie groups M 0 locally isometric to these homogeneous non-reductive spaces (with SL(2, R), E(1, 1) and H 3 denoting the universal covering of SL(2, R), the group of rigid motions of the Minkowski plane and the Heisenberg group, respectively).
Type
Lie brackets of m For example, for the Lie algebra m for type A1, u 3 does not occur in the nonvanishing Lie brackets and the three-dimensional Lie algebra k = span{u 1 , u 2 , u 4 } satisfies [k, k] = k, with ad u1 having two distinct real eigenvalues (besides 0), so that k = sl(2, R), m = R · u 4 ⊕ sl(2, R) and hence, M 0 is modelled on R × SL(2, R). For the Lie algebra m for type A2, u 4 acts as a derivation on the three-dimensional Lie algebra k = span{u 1 , u 2 , u 3 } and [k, k] = 0, whence M 0 is modelled on R⋉R 3 . The remaining cases are identified by similar arguments, using the well known classification of three-dimensional real Lie algebras.
The properties for a hypersurface to be Codazzi, parallel or totally geodesic are all local. Therefore, for all intended purposes in all these cases we could work on the Lie group M 0 . However, in Section 3 we develop a method which allows us, at least in principle, to investigate all cases without assuming that the ambient space is a Lie group, interpreting vector fields on a homogeneous manifold in terms of corresponding equivariant functions.
2.2.
On totally geodesic and parallel hypersurfaces. Let F : Σ n → M n+1 be an isometric immersion of pseudo-Riemannian manifolds. We denote both metrics by · , · . Let ξ be a normal vector field along the hypersurface, with ξ, ξ = ε ∈ {−1, 1}. Denote by ∇ Σ and ∇ the Levi-Civita connections of Σ and M respectively and let X, Y , Z and W be vector fields on Σ. We will always identify vector fields on Σ with their images under dF . The well-known formulas of Gauss and Weingarten,
define the second fundamental form h and the shape operator S of the immersion, which are symmetric (0, 2)-and (1, 1)-tensor fields on Σ respectively, related by SX, Y = h(X, Y ).
A hypersurface is said to be totally geodesic if h = 0 or, equivalently, S = 0. Remark that a hypersurface is totally geodesic if every geodesic of the hypersurface is also a geodesic of the ambient space. The prime examples are Euclidean subspaces of a Euclidean space.
Consider now the covariant derivatives ∇ Σ h and ∇ Σ S of the second fundamental form and the shape operator, given by
The hypersurface is said to be parallel, or to have parallel second fundamental form, if and only if ∇ Σ h = 0 or, equivalently, ∇ Σ S = 0. Obviously, totally geodesic hypersurfaces are special cases of parallel hypersurfaces. We refer to a hypersurface which is parallel, but not totally geodesic, as being proper parallel.
Denote by R Σ and R the Riemann-Christoffel curvature tensors of Σ and M respectively. The equations of Gauss and Codazzi, which follow from (2.11) by direct calculation, respectively read
Throughout this paper, we use the sign convention
The hypersurface is said to have a Codazzi second fundamental form if ∇ Σ h is symmetric in its three arguments. Clearly, by equation (2.14), this is equivalent to requiring that R(X, Y )ξ = 0 for all vector fields X and Y on Σ. In particular, totally geodesic and parallel hypersurfaces have a Codazzi second fundamental form.
Levi-Civita connection and curvature
In this section we first briefly recall how invariant connections on homogeneous spaces are described. All the theory we recall here, for which we may also refer to [KN63, KN69] , needs not assume the homogeneous space being reductive. Next, we explain how vector fields on a homogeneous manifold correspond to certain equivariant functions and describe how an invariant connection acts on these functions. Let M = G/H be a homogeneous manifold, let g be the Lie algebra of G and let h be the Lie algebra of H. For X ∈ g, we define a vector field X on M , generated by the left action of G on M as follows:
Moreover, if e is the identity element of G, these vector fields induce a linear map g → T eH M : X → X eH with kernel h. Hence, for dimensional reasons, if m is a complement of h in g (not necessarily reductive), this map restricts to a linear isomorphism between vector spaces m and T eH M . From now on, we will implicitly identify m and
where L X denotes the Lie derivative with respect to X. Let λ : g → End(m) be the evaluation of Λ at eH, i.e.,
The map λ is an H-equivariant map and satisfies λ(h) = ad(h) for all h ∈ h. Moreover, λ completely determines Λ through the identity
g , for every X ∈ g. The curvature tensor R of an invariant connection is still invariant under the action of G. Therefore, evaluating R at eH completely determines R. Moreover, R eH can easily be computed by
for all X, Y ∈ m. For the Levi-Civita connection of a G-invariant metric, the map λ is given by
where X, Y, Z ∈ g, an index m denotes the projection onto m along h and ·, · denotes the inner product on m induced by the G-invariant metric on M via the identification m ∼ = T eH M . Conversely, given an H-equivariant linear map λ : g → End(m), such that λ(h) = ad(h), then λ defines a homogeneous connection on M = G/H. We now explain how we can identify vector fields on a homogeneous space M = G/H with functions from G to m. Given a vector field X ∈ Γ(T M ), taking into account the above identification m ∼ = T eH M , we defineX byX
Note that the functionX is H-equivariant, i.e.,X(gh) = (Ad(h) −1 X) m . Conversely, given an H-equivariant functionX : G → m, the above formula defines a vector field on M . From now on we will identify vector fields on M with these H-equivariant functions and drop the hat from the notation. In particular, X(g) will denote the value of the function corresponding to the vector field X at g and X gH denotes the value of the vector field at gH.
Let ∇ be an invariant connection on M = G/H with corresponding map λ : g → End(m). Let m = G × m be the trivial vector bundle and denote by {u 1 , . . . , u n } a basis for m. The absolute differential corresponding to ∇, is the operator defined by The advantage of working with the absolute derivative is that we can do all computations on functions G → m which need not be equivariant. For example, if F : Σ → M is a hypersurface and ξ is a unit normal vector field along the hypersurface, identified with the corresponding function G → m, then the shape operator can simply be computed by S(X) = −D X ξ(g), for any function X : G → m such that X(g) is perpendicular to ξ(g) for all g ∈ G. The shape operator is parallel if and only if the tensorial condition
holds for all X, Y ∈ Γ(T Σ). Equivalently, we can check this condition with the absolute derivative and we find that S is parallel if and only if
We now describe the Levi-Civita connection and the Riemann-Christoffel curvature tensor of all spaces appearing in Theorem 1, with respect to the basis {u 1 , u 2 , u 3 , u 4 } given in Section 2 for each of them. Type A1: (3.18)
Type A3: Type B1:
(3.24) 
Hypersurfaces of homogeneous spaces of type A1
Let (M, g) be a homogeneous space of type A1. We first determine some necessary algebraic conditions on the components of a unit normal vector field ξ along a hypersurface of (M, g) in order for the hypersurface to have a Codazzi second fundamental form. In particular, we prove the following. Proof. Denote by {u 1 , u 2 , u 3 , u 4 } the basis of m given in (2.1) and let α, β, γ, δ : M → R be functions such that the vector field ξ = αu 1 + βu 2 + γu 3 + δu 4 is normal to Σ and satisfies ξ, ξ = ε = ±1. For an arbitrary function X = x 1 u 1 + x 2 u 2 + x 3 u 3 + x 4 u 4 , we have from (2.2) By Remark 2, a homogeneous space of type A1 with b = 0 is locally symmetric. Hence, we proved the following.
Theorem 2. A non-reductive, not locally symmetric homogeneous pseudo-Riemannian four-manifold of type A1 does not allow hypersurfaces with Codazzi second fundamental form. In particular, it does not allow parallel and totally geodesic hypersurfaces.
Hypersurfaces of homogeneous spaces of type A2
In this case, the transitive Lie algebra g depends on a real parameter κ, which increases the computational difficulties of the classification problem we are dealing with. For this reason, this is the only case where we shall explicitly make use of the fact that m ⊆ g is a subalgebra, and all our computations will be done on a Lie group M 0 with Lie algebra m, see Remark 3. The identity component of the automorphism group of m with respect to the basis {u 1 , u 2 , u 3 , u 4 } is given by
. . , x 6 ∈ R and x 1 x 2 x 3 = 0
By Remark 2, we only need to consider the case where b = 0. Then, the metric (2.4) pulled back 
We can integrate the Lie algebra automorphism φ to a Lie group automorphism Φ of M 0 . This map Φ : M 0 → M 0 constitutes an isometry between the left invariant metric g 0 and the left invariant metric given by (2.4). Therefore, without loss of generality we can restrict to the case with a = b = 1 and c = 0. This will simplify some computations.
Lemma 2. Let (M, g) be a non-reductive homogeneous pseudo-Riemannian four-manifold of type A2 with metric (2.4) and denote by {u 1 , u 2 , u 3 , u 4 } the basis of m given in (2.3). Let F : Σ → M be a hypersurface and α, β, γ, δ : M → R functions such that the vector field ξ = αu 1 +βu 2 +γu 3 +δu 4 is normal to Σ and satisfies ξ, ξ = ε = ±1. Then Σ has a Codazzi second fundamental form if and only if one of the following sets of conditions holds:
(i) β = γ = 0 and dδ 2 = ε; (ii) γ = δ = 0 and β 2 = ε = 1; (iii) κ = 2, γ = 0, β = 0, δ = 0 and β 2 + dδ 2 = ε.
Proof. It follows from (2.4) that, for an arbitrary function X = x 1 u 1 + x 2 u 2 + x 3 u 3 + x 4 u 4 ,
First suppose that γ = 0 and consider the functions X = βu 1 + γu 2 , Y = dδu 1 + γu 4 and Z = (α−γ)u 1 −γu 3 . They are perpendicular to ξ and the equations R(X, Z)ξ = 0 and R(Y, Z)ξ = 0 have no solutions. Now suppose γ = 0. If β = 0 we are in case (i), so we may assume that β = 0. Then X = αu 2 + βu 3 and Y = dδu 2 − βu 4 are perpendicular to ξ and R(X, Y )ξ = 0 is equivalent to δ = 0 or κ = 2.
For the converse, remark that the following functions span an orthonormal basis of ξ(g) for all g ∈ G:
Case (i) :
It is now sufficient to check that, in each of the three cases, R(V i , V j )ξ = 0 for all i, j ∈ {1, 2, 3}.
In Lemma 2, we did not use the fact that span{ξ} ⊥ = span{V 1 , V 2 , V 3 } is integrable. Imposing integrability leads to differential conditions on the component functions of ξ, in addition to the algebraic conditions already obtained in Lemma 2.
Theorem 3. In the notations of Lemma 2, the hypersurface Σ has Codazzi second fundamental form if and only if one of the following sets of conditions holds:
where V 1 , V 2 and V 3 are the functions described in (5.3); (ii) γ = δ = 0, β 2 = ε = 1 and
where V 1 , V 2 and V 3 are the functions described in (5.4); (iii) κ = 2, γ = 0, β = 0, δ = 0, β 2 + dδ 2 = ε and
where V 1 , V 2 and V 3 are the functions described in (5.5).
Proof. We treat the three cases listed in Lemma 2 separately. Remark that the integrability of the distribtution span{ξ} ⊥ = span{V 1 , V 2 , V 3 } is equivalent to the symmetry of the shape operator
Case (i). Remark that δ is a non-zero constant. Using (3.17) and (5.3), we express SV j = −∇ Vj ξ in the basis {V 1 , V 2 , V 3 } for every j = 1, 2, 3. We find (5.6)
It follows that S is symmetric with respect to the metric (5.1) if and only if V 1 (α) = V 2 (α) = 0.
Case (ii). In this case β = 0 is a constant and the shape operator S with respect to the basis (5.4) is given by
which is symmetric with respect to (5.1) if and only if V 1 (α) = V 3 (α) − α = 0.
Case (iii). Using β 2 + dδ 2 = ε to eliminate derivatives of δ, the shape operator with respect to (5.5) is given by (5.8)
dδ V 2 − 2δV 3 , which is symmetric if and only if V 1 (α) = V 1 (β) = 0 and (
We can now classify parallel and totally geodesic hypersurfaces of a non-reductive homogeneous pseudo-Riemannian space of type A2.
Theorem 4. In the notations of Lemma 2, the hypersurface Σ is parallel if and only if one of the following sets of conditions holds.
(1) β = γ = 0, dδ 2 = ε and
where V 1 , V 2 and V 3 are the functions given in (5.3) and we put ϕ = α 2 − ε − V 3 (α). In particular, Σ is totally geodesic if and only if V 1 (α) = V 2 (α) = 0 and κ = ϕ = 0. (2) γ = δ = 0, β 2 = ε = 1 and either
where V 1 , V 2 and V 3 are the functions given in (5.4). In the former case, Σ is always totally geodesic, in the latter case, it is never totally geodesic. (3) κ = 2, γ = 0, β = 0, δ = 0, β 2 + dδ 2 = ε and
where V 1 , V 2 and V 3 are the functions given in (5.5). These hypersurfaces are never totally geodesic.
Proof. We consider cases (i), (ii) and (iii) listed in Theorem 3. For case (i), with respect to the basis {V 1 , V 2 , V 3 } described in (5.3), the shape operator is by (5.6) given by (5.9)
where ϕ = α 2 − ε 2 − V 3 (α) and we took into account V 1 (α) = V 2 (α) = 0. We then use (5.3) and (3.17) to describe the connection ∇ Σ with respect to {V 1 , V 2 , V 3 }. A long but straightforward calculation gives that the possibly non vanishing covariant derivatives
The first two equations follow from V 1 (α) = V 2 (α) = 0. In particular, from (5.9) we see that Σ is totally geodesic if and only if κ = ϕ = 0 and this completes case (1). Next, in case (ii), the shape operator is by (5.7) given by
so that Σ is totally geodesic if and only if V 2 (α) = 0. Next, (3.17) yields that the connection ∇ Σ is completely determined by
This implies, V 2 (α) = 0 and either Σ is totally geodesic or V 2 (V 2 (α)) = 0 and κ = 0. A quick check shows that under one of these conditions
for all indices i, j. Finally, in case (iii) the shape operator is by (5.8) given by     
dδ V 2 − 2δV 3 , where we used the conditions V 1 (α) = V 1 (β) = 0 to simplify S. We then have the following components of the connection ∇ Σ :
where δ is a constant. Clearly, this is also sufficient for Σ to be parallel. Furthermore, we see that Σ is totally geodesic if and only if we are either in case (i) or in case (ii).
We shall now investigate in greater detail the examples we obtain under the assumption that functions α, β, γ and δ are constant.
Example 1. Suppose now that α, β, γ and δ are some real constants. We then find the following examples of parallel hypersurfaces.
• If β = γ = 0, dδ 2 = ε = ±1 and (κ + 1)(α 2 − ε)α = 0, then the images of the constant functions V 1 , V 2 and V 3 span a Lorentzian (of signature either (2, 1) or (1, 2) ) subalgebra k 1 ∼ = e(1, 1) of g. Thus, under these assumptions we find a Lorentzian parallel hypersurface, which is an orbit of a Lorentzian Lie subgroup K 1 ⊆ G with Lie subalgebra k 1 and satisfies conditions (1).
• If α = γ = δ = 0 and β 2 = ε = 1, then the image of the constant functions V 1 , V 2 and V 3 spans a Lorentzian subalgebra k 2 ∼ = e(1, 1) of g. So, under these assumptions we find a Lorentzian parallel hypersurface, which is an orbit of a Lorentzian Lie subgroup K 2 ⊆ G with Lie subalgebra k 2 and satisfies conditions (2).
Hypersurfaces of homogeneous spaces of type A3
Let F : Σ → (M, g) be the immersion of a hypersurface into a non-reductive homogeneous pseudo-Riemannian four-manifold of type A3. As in the previous sections, we start by determining necessary algebraic conditions for hypersurfaces to have a Codazzi second fundamental form.
Lemma 3. Let (M, g) be a non-reductive homogeneous pseudo-Riemannian four-manifold of type A3 and F : Σ → M a hypersurface of M . Denote by ξ = αu 1 + βu 2 + γu 3 + δu 4 a vector field normal to Σ, for some functions α, β, γ, δ : G → R, with ξ, ξ = ε = ±1. The hypersurface Σ has a Codazzi second fundamental form if and only if one of the following sets of conditions holds:
Proof. Equation (2.6) yields that
for an arbitrary function X = x 1 u 1 + x 2 u 2 + x 3 u 3 + x 4 u 4 . Thus, (6.1) ξ, ξ = 2aαδ + aβ 2 + bγ 2 + 2cγδ + dδ 2 = ε and X is perpendicular to ξ if and only if X, ξ = aδx 1 + aβx 2 + (bγ + cδ)x 3 + (aα + cγ)x 4 = 0.
Let X = βu 1 − δu 2 and Y = (aα + cγ + dδ)u 2 − aβu 4 . Then X and Y are perpendicular to ξ. Requiring R(X, Y )ξ = 0, by (3.20) we find that either β = 0 or δ = 0, where we excluded the case of constant sectional curvature d + ηa = 0. Suppose β = 0 and let Z = aδu 4 − (aα + cγ + dδ)u 1 . Then Z is perpendicular to ξ and R(X, Z)ξ = 0 implies δ = 0, which gives case (ii). Suppose β = 0, then automatically δ = 0. Let W = aβu 3 − (bγ + cδ)u 2 , this is perpendicular to ξ and R(Y, W )ξ = 0 implies γ = 0, which gives case (i).
For the converse, remark that the following functions span the orthogonal complement of ξ(g) for every g ∈ G:
Theorem 5. In the same notations of Lemma 3, the hypersurface Σ has Codazzi second fundamental form if and only if one of the following sets of conditions holds:
(i) γ = δ = 0, aβ 2 = ε and V 1 (α) = V 2 (α) − α = 0, where {V 1 , V 2 , V 3 } is described in (6.2).
(ii) β = δ = 0, bγ 2 = ε and
where {V 1 , V 2 , V 3 } is described in (6.3).
Proof. We first consider γ = δ = 0. Equation (6.1) now yields aβ 2 = ε and so, β = 0 is a constant. By (3.19) , we obtain the shape operator with respect to the basis (6.2):
Hence, S is self-adjoint if and only if V 1 (α) = V 2 (α) − α = 0. This is case (i).
Suppose that β = δ = 0. Then, (6.1) yields bγ 2 = ε and so, γ = 0 is a constant. Using the description of the Levi-Civita connection given in (3.19), we find that the shape operator S with respect to the basis from (6.3) is as follows:
Hence, S is self-adjoint if and only if V 1 (α) = V 2 (α) = 0. This is case (ii).
We can now classify parallel and totally geodesic hypersurfaces of a non-reductive homogeneous pseudo-Riemannian space of type A3.
Theorem 6. Let (M, g) be a non-reductive homogeneous pseudo-Riemannian four-manifold of type A3 and F : Σ → M a hypersurface of M . Denote by ξ = αu 1 + βu 2 + γu 3 + δu 4 a vector field normal to Σ, with ξ, ξ = ε = ±1. Then, Σ is a parallel hypersurface if and only if one of the following sets of conditions holds:
(1) γ = δ = 0, aβ 2 = ε and
where {V 1 , V 2 , V 3 } is described in (6.2). In particular, these hypersurfaces are always totally geodesic. (2) β = δ = 0, bγ 2 = ε and
a γ 2 and {V 1 , V 2 , V 3 } is described in (6.3). These hypersurfaces are never totally geodesic.
Proof. We consider cases (i) and (ii) listed in Theorem 5. For case (i), with respect to the basis {V 1 , V 2 , V 3 } described in (6.2), the shape operator in (6.4) is given by
Next, we use (3.19) to describe the connection ∇ Σ with respect to {V 1 , V 2 , V 3 }. The possibly nonvanishing covariant derivatives
It is now easy to check that ∇
for all indices i, j if and only if V 3 (α) = αβ. This implies S = 0 and so, Σ is totally geodesic.
Next, in case (ii), the shape operator in (6.5) is described by     
the possibly nonvanishing covariant derivatives ∇ Σ Vi V j are given by
It is now easy to check that ∇ Example 2. Suppose α, β, γ and δ are constant functions. Then we find the following parallel hypersurfaces.
• If α = γ = δ = 0 and aβ 2 = ε, then the image of the constant functions V 1 , V 2 and V 3 spans a subalgebra k 1 ∼ = R × s(2) of g, with s(2) the solvable, non-abelian two-dimensional Lie algebra. Thus under these assumptions we find a Lorentzian parallel hypersurface, which is an orbit of a Lorentzian Lie subgroup K 1 ⊆ G with Lie subalgebra k 1 and satisfies conditions (1).
• If β = δ = 0, bγ 2 = ε and (aα + cγ)ϕ = 0, then the image of the constant functions V 1 , V 2 , V 3 together with the isotropy algebra span a pseudo-Riemannian subalgebra k 2 ∼ = e(1, 1) of g. So, under these assumptions we find a Lorentzian parallel hypersurface, which is an orbit of a Lorentzian Lie subgroup K 2 ⊆ G with Lie subalgebra k 2 and satisfies conditions (2).
7. Hypersurfaces of homogeneous spaces of type A4 and B2 Lemma 4. Let (M, g) be a non-reductive homogeneous pseudo-Riemannian four-manifold of type A4 or B2 and F : Σ → M a hypersurface of M . Denote by ξ = αu 1 + βu 2 + γu 3 + δu 4 a vector field normal to Σ, for some functions α, β, γ, δ : M → R, with ξ, ξ = ε = ±1. The hypersurface Σ has a Codazzi second fundamental form if and only if one of the following sets of conditions holds:
Proof. For an arbitrary function X = x 1 u 1 + x 2 u 2 + x 3 u 3 + x 4 u 4 , from (2.8) we get
Hence,
and X is orthogonal to ξ if and only if ηaαx 1 + (aγ + bβ)x 2 + aβx 3 + 1 2 aδx 4 = 0. Considering the functions X = βu 1 − ηαu 3 and Y = (aγ + bβ)u 1 − ηaαu 2 perpendicular to ξ. From (3.22) we get that R(X, Y )ξ = 0 if and only if either α = 0 or β = 0.
However, if α = 0, then R(u 1 , aβu 2 − (aγ + bβ)u 3 )ξ = 0 yields again β = 0. Hence, necessarily β = 0. Next, taking Z = γu 1 − ηαu 2 and W = δu 1 − 2ηαu 4 , we find that R(Z, W )ξ = 0 if and only if either α = 0 or δ = 0. This gives cases (i) and (ii) listed above.
For the converse, remark that the following functions are perpendicular to ξ(g) for all g ∈ G:
Next, we determine differential conditions on the functions α, β, γ and δ for hypersurfaces of a space of type A4 and B2 to have a Codazzi second fundamental form.
Theorem 7. In the same notations of Lemma 4, the hypersurface Σ has Codazzi second fundamental form if and only if one of the following sets of conditions holds:
(i) α = β = 0, aδ 2 = 2ε and
where V 1 , V 2 and V 3 are the functions described in (7.2); (ii) β = δ = 0, aα 2 = εη and
where V 1 , V 2 and V 3 are the functions described in (7.3).
Proof. We treat the three cases listed in Lemma 4 separately. Case (i). In this case, (7.1) implies aδ 2 = 2ε, so that δ = 0 is constant. Using (7.2) and (3.21), we calculate the shape operator S and we find (7.6)
We then use (7.2) and (2.8) to decide when S is self-adjoint and we find that this holds if and only if (7.4) is satisfied.
Case (ii). We now have β = δ = 0. Thus, aα 2 = εη and so, α is constant and non-zero. Using (7.3) and (3.21), we calculate the shape operator S and we find (7.7)
Hence, S is self-adjoint if and only if equation (7.5) is satisfied. This completes case (ii).
With regard to parallel and totally geodesic hypersurfaces of a non-reductive homogeneous pseudo-Riemannian space of type A4 and B2, we obtain the following.
Theorem 8. Let (M, g) be a non-reductive homogeneous pseudo-Riemannian four-manifold of type A4 or B2 and F : Σ → M a hypersurface of M . Denote by ξ = αu 1 + βu 2 + γu 3 + δu 4 a vector field normal to Σ, with ξ, ξ = ε = ±1. Then, Σ is a parallel hypersurface if and only if
(1) α = β = 0, aδ 2 = 2ε is constant and
where V 1 , V 2 and V 3 are the functions described in (7.2). In particular, these hypersurfaces are always totally geodesic. (2) β = δ = 0, aα 2 = εη is constant and (7.9) V 1 (γ) = V 3 (γ) = V 2 (ϕ) = 0, where ϕ = −V 2 (γ) + γ 2 − α 2 b a η and V 1 , V 2 and V 3 are the functions described in (7.3). Moreover, these hypersurfaces are always proper parallel.
Proof. We start from cases (i), (ii) listed in Theorem 7. In case (i), the description of the shape operator we gave within the proof of Theorem 7 implies that S = 0 if and only if V 2 (γ) = 0. From (7.2) and (3.21) we find that the possibly nonvanishing covariant derivatives ∇ From (7.6) we conclude that Σ is parallel if and only if Σ is totally geodesic.
With regard to case (ii), using (7.3) and (3.21) we get that the possibly nonvanishing covariant derivatives ∇ Example 3. Suppose α, β, γ and δ are constant functions. Then we find the following parallel hypersurfaces.
• If α = β = γ = 0, aδ 2 = 2ε, then the image of the constant functions V 1 , V 2 and V 3 spans a subalgebra k 1 ∼ = R × s(2) of g. Thus, under these assumptions we find a Lorentzian parallel hypersurface, which is an orbit of a Lorentzian Lie subgroup K 1 ⊆ G with Lie subalgebra k 1 and satisfies conditions (1).
• If β = δ = 0 and aα 2 = εη, then the image of the constant functions V 1 , V 2 and V 3 spans a subalgebra k 2 ∼ = R × s(2) of g. So, under these assumptions we find a Lorentzian parallel hypersurface, which is an orbit of a Lorentzian Lie subgroup K 2 ⊆ G with Lie subalgebra k 2 and satisfies conditions (2). Proof. By equation (2.10), for an arbitrary function X = x 1 u 1 + x 2 u 2 + x 3 u 3 + x 4 u 4 , we have X, ξ = aγx 1 + (aδ + bβ + cγ)x 2 + (aα + cβ + dγ)x 3 + aβx 4 .
Hence,
ξ, ξ = bβ 2 + 2aαγ + 2aβδ + 2cβγ + dγ 2 = ε and X is perpendicular to ξ if and only if aγx 1 + (aδ + bβ + cγ)x 2 + (aα + cβ + dγ)x 3 + aβx 4 = 0.
First suppose that β = 0 then X = βu 1 − γu 4 , Y = aβu 2 − (aδ + bβ + cγ)u 4 and Z = aβu 3 − (aα + cβ + dγ)u 4 are perpendicular to ξ. From By Remark 2, a homogeneous space of type B1 with b = c = d = 0 has constant sectional curvature. In particular, it is not non-reductive and hence we have the following.
Theorem 9. A non-reductive homogeneous pseudo-Riemannian four-manifold of type B1 does not allow hypersurfaces with Codazzi second fundamental form. In particular, it does not allow parallel and totally geodesic hypersurfaces.
